CLASSIFICATION AND RIGIDITY OF SELF-SHRINKERS 
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X^f*X ' Abstract. In this paper, we first use the method of Colding and Mini- 

cozzi II [7] to show that K. Smoczyk's classification theorem [25] for 
complete self-shrinkers in higher codimension also holds under a weaker 
condition. Then as an application, we give some rigidity results for 
self-shrinkers in arbitrary codimension. 

1. Introduction 

An immersion x : M n — > M. n+P of a smooth n-dimensioal manifold M 
into the Euclidean space is called a self-shrinker if it satisfies the quasilinear 
elliptic system: 

H = -x x , (1.1) 

where H denotes the mean curvature vector of the immersion and _L is the 
projection onto the normal bundle of M. 

Self-shrinkers play an important role in the study of the mean curva- 
ture flow. Not only they correspond to self-shrinking solutions to the mean 
curvature flow, but also they describe all possible blow ups at a given singu- 
larity of the mean curvature flow. We refer the readers to [7l llH - fl3| l26] and 
references therein for more information on self-shrinkers and singularities of 
mean curvature flow. 

There are many results about the classification of self-shrinkers. In the 
curve case, U. Abresch and J. Langer pQ gave a complete classification of all 
solutions to (II. ip . These curves are now called Abresch-Langer curves, and 
the only simple closed one is the circle. 

In higher dimension and codimension one, Huisken |liyi2j (see also |28j ) 
proved a classification theorem for smooth mean convex self-shrinkers M n in 
R n+1 with polynomial volume growth. Suppose further in the noncompact 
case |(V) fc A| are uniformly bounded for k = 0, 1,2, as well as \A\ 2 < CH 2 
everywhere on M. Then M are isometric to T x or S fc (\//c) x M. n ~ k 

(0 < k < n). Here, T is a Abresch-Langer curve and E k {Vk) is a k- 
dimensional sphere. Recently, Colding and Minicozzi II [7] generalized this 
result and showed that Huisken's classification theorem still holds without 
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the assumption on the bounds for derivatives of the second fundamental 
form. Moreover, they showed that the only smooth embedded entropy sta- 
ble self-shrinkers with polynomial volume growth in R n+1 are hyperplanes, 
n-spheres, and cylinders. By imposing symmetries, Kleene and M0ller [16] 
classified the complete re-dimensional embedded self-shrinkers of revolution 
in W n+1 . 

In arbitrary codimension, the situation becomes more complicated. K. 
Smoczyk [25j proved the following results: 

Theorem A(Theorem 1.1 in [25]). Let x : M n ->■ R n+P be a closed self- 
shrinker, then M is a minimal submanifold of the sphere S n+p_1 (y / n) if and 
only and V^z/ = 0, where v = H/|H| is the principal normal. 

Theorem B(Theorem 1.2 in [25J). Let x : M n — > M. n+P be a complete non- 
compact connected self-shrinker with H/0 and V^v = 0. Suppose further 
that M has uniformly bounded geometry, that is, there exists constants 
such that \{V) k A\ < c& for any k > 0. Then M must belong to one of the 
followings: 

rxr 1 , M r xR"- r . 

Here, T is one of the Abresch-Langer curves and M r is a complete minimal 
submanifold of the sphere S r+p_1 (y / r) C R p+r ; where < r = rank(A u ) < n 
denotes the rank of the principal second fundamental form A u =< u,A>. 

Note that any blowup of a Type-I singularity of the mean curvature flow 
forming on a compact submanifold will automatically be complete with uni- 
formly bounded geometry, therefore Theorem B may be applied to those 
blowup limits. In Smoczyk's proof of Theorem B, the uniformly bounded 
geometry is needed in the integrating by parts with respect to the Gauss 

1 I |2 

kernel p(x) = e~2> x > . In the first part of this paper, we will use the method 
of Colding and Minicozzi II [7] to show that Theorem B also holds under a 
weaker condition: 

Theorem 1.1. Let x : M n — > M. n+P be a complete non- compact connected 
self-shrinker with H ^ and V^u = 0. Suppose further that M has poly- 
nomial volume growth and satisfies \A\ 2 — \A V \ 2 < c for some constant c, 
where A v =< u, A > is the principal second fundamental form. Then M 
must belong to one of the followings: 

T x R"" 1 , M r x R n - r . (1.2) 

Here, V is one of the Abresch-Langer curves and M r is a complete minimal 
submanifold of the sphere S p+r_1 (y / r) C M p+r ; where < r = rank(A u ) < n 
denotes the rank of A v . 

Remark 1.1. In the recent paper [2], Ben Andrews and the authors consid- 
ered the ^-stability of self-shrinkers in arbitrary codimension, where Theo- 
rem A and Theorem 1.1 applied. 
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When p = 1 and the self-shrinker is embedded, Theorem A and Theorem 
1.1 reduce to Colding-Minicozzi II's result (Theorem 0.17 in [7]): 

Corollary 1.2. S k (y/k)xR n - k are the only complete embedded self-shrinkers 
without boundary, with polynomial volume growth, and H > in R n+1 . 

In the statement of Theorem 1.1, We say that a submanifold M n in M n+P 
has polynomial volume growth if there exists constants C and d such that 
for all r > 1, there holds 

Vol(B(r) n M) < Cr d , 

where B r denotes an Euclidean ball with radius r. By using Huisken's 
monotonicity formula |11| . Colding-Minicozzi II |7] proved that any self- 
shrinker which arises as the blow up at a given singularity in the mean 
curvature flow must have polynomial volume growth. Their result is proved 
for self-shrinkers in the hypersurface case, but it also holds for arbitrary 
co dimension. 

In the second part of this paper, we shall apply Theorem 1.1 to give some 
rigidity properties of self-shrinkers with higher codimension. Recall that the 
first gap theorem for self-shrinkers was proved by N. Q. Le and N. Sesum [18] 
for hypersurface case. Later this was generalized by H. -D. Cao and H. Li [4] 
to self-shrinkers with arbitrary codimension, they showed that 

Theorem C.( Cao-Li [2]) Let x : M n — > M. n+P be an n-dimensional complete 
self-shrinker without boundary and with polynomial volume growth, if 

0<|A| 2 <1, (1.3) 

then either (i) \A\ 2 = and M is the hyperplane, or (ii) |A| 2 = 1 and M is 
S m ( v / m) x R n ~ m in M n+1 with l<m<n. 

Remark 1.2. We remark that Theorem C is independent of the dimension 
and codimension of the self-shrinker. In [5], the authors got a related result 
without condition "polynomial volume growth". 

Although classifying the self-shrinker with higher codimension is compli- 
cated, we can also apply Theorem A and Theorem 1.1 to give some results 
for self-shrinkers in some special situations. In the following we will con- 
sider the self-shrinkers with codimension 2, 2-dimension and with flat normal 
bundle respectively. 

Theorem 1.3. Let X : M n — > R n+2 be a complete embedded self-shrinker 
without boundary and with polynomial volume growth. IfH^O, V^u = 0, 
where v is the principal normal, and 

1 < |yl| 2 < 2, (1.4) 

then there are two possibilities: 

(i) \A\ 2 = 1 and M is E m (y/m) x M. n ~ m in M. n+1 with l<m<n. 

(ii) \A\ 2 = 2 and M is one of the self-shrinkers in Example 1.1 below. 
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Theorem 1.4. Let X : M n — > W l+2 be a complete embedded self-shrinker 
without boundary and with polynomial volume growth. V^u = 0, 

where v is the principal normal. Then there exists a constant 5 > such 
that if 

2<\A\ 2 <2 + 5, (1.5) 
then \A\ 2 = 2 and M is one of the self-shrinkers in Example 1.1 below. 

Example 1.1. Let 

M r = 8 k (Vk) x § r - k (Vr~^k) ^ § r+1 (v^), 1 < k < r - 1 

be the Clifford minimal hypersurfaces in the sphere S r+1 (y / F). Then 

x:M n = M r x R n ~ r ^ R n+2 , (2 < r < n) 

is a complete embedded self-shrinker without boundary and with polynomial 
volume growth, with parallel principal normal and \A\ 2 = 2. 

Example 1.2. Let 

M r ^S r+1 (Vf) 
be an isoparametric minimal hypersurface, then 

x:M n = M r x R n ~ r ^ R n+2 , (1 < r < n) 
is a self-shrinker with \ A\ 2 can only be 1,2,3,4,6. 

For the 2-dimensional self-shrinkers, we have the following two rigidity 
results. 

Theorem 1.5. Let X : M 2 — > M. 2+p be a 2-dimensional complete embedded 
self-shrinker without boundary and with polynomial volume growth. J/H/ 
0, V^z/ = 0, where v is the principal normal, and 

1 < \A\ 2 < | (1.6) 

then there are two possibilities: 

(i) \A\ 2 = 1 andM = § 2 (V2) or S x (l) x R in R 3 . 

(ii) \A\ 2 = | and M is the self-shrinker in Example 1.3 below. 

Theorem 1.6. Let X : M 2 — > M. 2+p be a 2-dimensional complete embedded 
self-shrinker without boundary and with polynomial volume growth. IfH^ 
0, V" 1 ^ = 0, where v is the principal normal, and 

h |A|2 - l i ' (L7) 

then there are two possibilities: 

(i) \A\ 2 = | and M is the self-shrinker in Example 1.3 below. 

(ii) \A\ 2 = ^ and M is the self-shrinker in Example 1.4 below. 
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Example 1.3. The canonical minimal immersion (see \17j , ]2V$) 

x : S 2 (^6) -»■ S 4 (V2) 

has \A\ 2 = |. a;(S 2 (\/6)) C S 4 (\/2) is called the Veronse surface. Consider 
it as a submanifold in M 5 , 

x : § 2 (\/6) -»■ § 4 (\/2) M 5 

it is a self-shinker with \A\ 2 = 1 + | = |. 

Example 1.4. T/ie canonical minimal immersion (see Ji7| /J 

x : S 2 (Vl2) -> S 6 (^/2) 

/tas |^4| 2 = g, consider it as a submanifold in R 7 

x : S 2 (\/l2) S 6 (\/2) «-»■ R 7 
it is a self-shinker with \A\ 2 = 1 + | = 

It is an interesting question that whether the conditon "with parallel 
principal normal" is necessary in Theorem 1.3-1.6. 

For self-shrinkers with the higher codimension, the normal bundle is com- 
plicated, which would influence the submanifold properties. Now we consider 
the simplest case, i.e., the normal bundle is flat. We will prove the following 
gap theorem: 

Theorem 1.7. Let x : M n —> R n+P be a complete immersed self-shrinker 
without boundary and with polynomial volume growth, assume 

(i) flat normal bundle, that is, R a fiij = 0, 

(ii) a a/3 = ±\A\ 2 5 a/ 3, where a af3 = Kj h ij- 

If the second fundamental form satisfies 

0<\A\ 2 <p, (1.8) 
then \A\ 2 = and M n is the hyperplane, or \A\ 2 = p and M n is 
x:M n = N mp x W n ~ mp ^ R n+P , 

where 

N mp = gm(^) x . . . x S m (y/m) ^ S (m+1)p_1 ( y/mp) ■ 

Remark 1.3. As noted in [25], let Ti,r2,--- ,T TO be the Abresch-Langer 
curves, then Ti x • • • T m in R 2m is a self-shrinker with |H| > and flat 
normal bundle, so the condition (jl.8p of Theorem 11.71 is necessary. 

Finally, we consider the closed self-shrinkers with arbitrary codimension. 
We have the following simple result. 

Proposition 1.8. Let M n be a closed self-shrinker in R n+P , if one of the 
followings satisfies: 

(1) \H\ 0, v = Mi is parallel in the normal bundle; 
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(2) \H\ 2 = const, or \H\ 2 < n, or \H\ 2 > n; 

(3) \x\ 2 = const, or \x\ 2 < n, or \x\ 2 > n, 

then M is a minimal submanifold in S n+p ~ 1 (^/n). 

Note that the condition (1) and (2) imply the closed self-shrinker to be 
a minimal submanifold in sphere have been proved by Smoczyk |25| and 
Cao-Li pQ. In section 8, we will prove that the condition (3) can also imply 
the self-shrinker is a minimal submanifold in sphere. Then by applying the 
well-known theorems on the minimal submanifolds in sphere by Ejiri |10| . 
H. Li [19] . Itoh [T4,15j and Yau [27], Proposition 11.81 will imply three simple 
characterizations for closed self-shr inkers, see Theorem 16.11 - [6731 

2. Preliminaries 

Let x : M — > M. n+P be an n-dimensional submanifold of an (n + p)- 
dimensional Euclidean space R n+P . Let {e\, ■ ■ ■ , e n } be a local orthonormal 
basis of M with respect to the induced metric, and {9\, • • • , 6 n } be their dual 
1-forms. Let e n +i, • • ■ ,e n + p be the local unit orthonormal normal vector 
fields. In this paper we make the following conventions on the range of 
indices: 

1 < i, j, k < n; n + 1 < a, /3, 7 < n + p. 
Then we have the following structure equations (see [3"lHll2"0] ) 

dx = y^^Oiej, 

i 

da = Oijej + hfjOjea, 
j "J 

de a = - Kj9j e i + °^ e P- 

where hfj denote the the components of the second fundamental form of M. 
We denote \A\ 2 = Yl (h?j) 2 ^ s the norm square of the second fundamental 

form, H = ^2H a e a = h^)e a is the mean curvature vector field, and 

H = |H| is the mean curvature of M. 
The Gauss equations are given by 

Rijkl = '^2(Kk fl 'ji - hiltijk), (2-1) 

a 

/2ifc = X;^3b-EW- (2-2) 

a a,j 

The Codazzi equations are given by 

Kj,k = hikji (2-3) 
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where the covariant derivative of hfj is defined by 

hf hk e k = dh% + £ h a kJ e kl + £ K k o kj + £ h^ a . (2.4) 

fe k k 8 

If we denote by R a /3ij the curvature tensor of the normal connection 6 a p 
in the normal bundle of x : M — > M n+P , then the Ricci equations are 

Ra^ = J2( h ik h kj- h % h kd- ( 2 - 5 ) 

k 

By exterior differentiation of (|2.4p . we have the following Ricci identities: 

Kj,kl ~ Kj, Ik = E h mj R mikl + E hfm^mjkl + E h ijRl3akl- (2.6) 
m m B 

We define the first and second covariant derivatives, and Laplacian of the 
mean curvature vector field H = ^ H a e a in the normal bundle N{M) as 

a 

follows, 

Hp, = dH a + Y, H^6 pa , (2.7) 

i 8 

"y>j = dH« + ]T IFjQji + £ H% a , (2.8) 
A±H« = Y / H%, H a = Y, h kk- (2-9) 

i k 

Let / be a smooth function on M, we define the covariant derivatives fi, 
fij, and the Laplacian of / as follows 

df = E f'°- E f'j"j =d/i+J2 ii"y- A f = E 

i j j i 

Now we assume the submanifold M n satisfies the self-shrinker equation 
(jl.ip . The following equations have been derived in [4J. 
The self-shrinker equation (jl.ip is equivalent to 

H a = - < x,e a >, n + l<a<n + p. (2.10) 

The first and second covariant derivative of H have the following compo- 
nents: 

H "=T, h ti <x > e 3 > > ( 2 - n ) 

j 

H % = E h ii,* < x > e i > +h ?k ~ E HPh ?jh%, (2-12) 

3 B,j 

ah° =J2 h j< x > e 3 > +Ra - E Rl3h ij h ij- ( 2 - 13 ) 

3 8,i,j 
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If H 7^ 0, we can choose local orthogonal frame {e a } for the normal bundle 
NM such that e n + p is parallel to the mean curvature vector H, that is, 



H 

IHI 



„+/. TTFT H n+P = H = \H\, H a = 0, a^n+p. 



Lemma 2.1. Let x : M n — > M n+P be an n- dimensional self-shrinker with 
H > 0, V ± u = 0, then 



H a i= 0, H a ij = 0,a^n + p, and H n + P = H h H^ p = H, 



Proof. Since V^u = 0, we have d^ n+ p^ = 0, from the definition of in 



(|27ZJ), we have = 0. Then = follows immediately from (|2T8|1 . 
From H = H n+P e n+V = He n+P and V ± e n+P = 0, we have V^H 



From (i!T8D 



Hie n+P , therefore -fT^ —Hi. 



= dHi + HjOji 
= HijOj. 

So we have H^f p = H;a. □ 

Lemma 2.2. Let x : M n — > W n+P be an n- dimensional self-shrinker with 
H > 0, V L v = 0, then 

R{n+p)f3ij = Kk Pfl kj ~ h ikKt P = °> J2 h ?j h l +P = °> « ^ " + P' 

Proof. Since V^z/ = implies #( n+p )^ = 0, then Rn+p/nj = follows imme- 
diately from 

d0(n+p)fi - #(n+p) 7 A ^7/3 = ~ ^(n+p) fiifl i A 0j- 

If a 7^ n + p, then iJ"- = 0. From (I2.13p . we have 

= -A3 < x, e, > -H a + H^hfjh^ = HY, Kjtig* 

id 



□ 



Lemma 2.3. Let x : M n — > M n+P be an n-dimensional self-shrinker with 
H>0, V x u = 0. Denote \Z\ 2 = £(/i£ +p ) 2 , we have 
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Proof. By use of (J23D, flZE), Lemma E21 ([21]) and (|2J2]h we have the 
following calculations: 



A7i n+ P - ft n+p - h n+p 

L ^ ll ij — n ij,kk ~ n ik,jk 

— n kk,ij n mk n mijk ~r -rt m fcjfc T n ik n /3(n+p)jk 

— n ,ij ^ n mk \ n mj n ik n mk n ij > + "mi K n mj rl n mk n kj J 



□ 



Concerning the term \Z\ 2 , we have the following inequalities which holds 
for all submanifolds with parallel principal normal (may not be a self- 
shrinker) . 



Lemma 2.4. If we fix a point q and choose a frame ei, i = 1, . . . , n, such 
that is diagonal at q, i.e. = Ajfc, then we have at q that 



|V|^|| 2 <£(0 2 ^£(0 2 (2.14) 

(i + dri )|v|z|12 < E(0 2 + ^rH Vi? i 2 - ( 2 - 15 ) 

Proof. Since is symmetric, we can choose e,, i = 1, . . . , n, such that 

= Aj<!L' at the fixed point q. By V|Z| 2 = 2\Z\V\Z\, we have at q 



4|zi 2 ivizn 2 = ^(2^o 2 = 4 £E A *0 2 < ^i 2 E(0' 



where the inequality used the Cauchy-Schwarz inequality, this proves fl2. 14f) . 
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To show (pTT5j) . we have by (pTTIj) 

Mz\\ 2 < BO 2 



i.k 



= E(0 2 + E(0 2 

ij^k i j^i 

= n\VH\ 2 + (n + 1) ^(C') 2 

i^k 

l2 n + 1 



v^i 2 + ^(B0 2 + B0 2 )> 

n n 

where we used the algebraic fact a «) 2 — n Yl a l m the second inequality, 

i=l i=l 

and B. n ^ p = Hi, Codazzi equations in the last two equalities. Thus we have 

/ i r)~i-n\ O \ ^ / -> «4-n\ O X ^ / -, n-\-p\ 2 



(1 + ^tt )|v|z| ' 2 ^ ^i v *i 2 +£(0 , +£(0 , +£(* 

i^k ij^k 

which completes the proof. □ 



3. Some integral estimates 

Recall the following operator C which was introduced and studied firstly 
on self-shrinkers by Colding and Minicozzi (see (3.7) in [7]): 

M 2 M 2 
C = A- < x, V(-) >= e^"div(e"^"V-), 

where A, V and div denote the Laplacian, gradient and divergent operator 
on the self-shrinker respectively, < •, • > denotes the standard inner product 
in M n+P . The operator C is self-adjoint in a weighted L 2 space. The next two 
results were proved by Colding-Minicozzi [7] for hypersurface self-shrinkers 
but can be stated in the same way for self-shrinkers in arbitrary codimension. 

Lemma 3.1. If x : M n — > M. n+P is a submanifold, u is a C 1 function with 
compact support, and v is a C 2 function, then 

w 2 I w 2 
u(Cv)e~ A r = -l <Vv,Vu>e~^-. (3.1) 

M JM 
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Corollary 3.2. Suppose that x : M n — > W l+P is a complete submanifold 
without boundary, if u, v are C 2 functions satisfying 

\uVv\ + |Vu||Vv| + \uCv\)e 2 < +oo, 

M 

then we get 

M 2 I M 2 

u(Cv)e~^ = - < Vv, Vu > e~^2-. (3.2) 

M Jm 

Using the operator £, Lemma 2.3 has the following Corollary, 

Corollary 3.3. Let x : M n — > 1R" +P be an n- dimensional complete self- 
shrinker with H > 0, V^u = 0, then 



\c\z\ 2 = \zf-\zt^ h Z 

S^SH 2 Mz\\ 2 



C\Z\ = \Z\-\Z\ 6 + 

\z,\ \z\ 

Remark 3.1. We note that our assumption " H > 0" implies ll \Z\ > 0" 
because of \Z\ 2 > H 2 /n. 

Lemma 3.4. Let x : M n — > M n+P be an n-dimensional complete self- 
shrinker with H > 0, X/^v = 0, then 

CH = H-\Z\ 2 H, 
ClogH = 1 - \Z\ 2 - \V\ogH\ 2 . 

Proof. The two equations just follow from fl2 . 13f> and Lemma [2.11 □ 

Lemma 3.5. Let x : M n — > W l+P be an n-dimensional complete self- 
shrinker with H > 0, X/^v = 0. If if is in the weighted W 1,2 space, i.e. 



( (M 2 + |V<^| 2 )e-4- < +oo, 
Jm 



then 



^ 2 (\Z\ 2 + hviogH\ 2 )e~^ < I (2\VLp\ 2 + Lp 2 )e- l ^r. (3.3) 
' m * Jm 

Proof. Suppose that r\ is a function with compact support, from the self- 
adjointness of C and Lemma 3.4 we have 

f M 2 f M 2 

/ < Vr/ 2 , VlogH > e — 2- = - ri 2 {C\ogH)e — a - 

Jm Jm 

= [ r?(\Z\ 2 -l + \V\agH\ 2 )e-^r. 
Jm 

Combining this with the Cauchy-Schwarz inequality 

< Vr/ 2 , Vlogtf > < 2|Vr/| 2 + ir/ 2 |Vlogif| 2 
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gives that 

f ri 2 (\Z\ 2 + hv log H\ 2 )e-^ < [ (2|Vr/| 2 + r^e"^. 

JM 1 JM 

Now we choose a sequence of cut-off function rjj which satisfies 

* = outlet ' OZ^ 1 ' ™Z C > 

where Bj = M n -Bj(O) with -Bj(O) is the Euclidean ball of radius j centered 
at the origin. Applying the above inequality with r/ = rjj(p, letting j — > oo, 
and using the dominated convergence theorem, we complete the proof of the 
Lemma. □ 

The next proposition gives weighted estimates for the principle normal 
second fundamental form and its covariant derivatives. 

Proposition 3.6. Let x : M n — > M. n+P be an n- dimensional complete self- 
shrinker with H > 0, = 0. If M n has polynomial volume growth, 

then 

[ (\z\ 2 + |z| 4 + \v\z\\ 2 + V(0 2 ) e "^ < °°- ( 3 - 4 ) 

Proof. For any compactly supported function <p, self-adjointness of C and 
Lemma 3.4 imply 



/ 

JM 



\x\ 2 f \x\' 2 

< V(p 2 , Vlogi? > = - (p 2 (ClogH)e~^ 

JM 

= [ </? 2 (|Z| 2 -l + |Vlogif| 2 )e"^r 
JM 

Combining this with the Cauchy-Schwarz inequality 

< V(/? 2 ,VlogF > < \V<p\ 2 + cp 2 \X7logH\ 2 
gives the following stability inequality (cf. |23j ) 

I ^> 2 \Z\ 2 e--4- < [ (\X7tp\ 2 + tp 2 ) e ~^r. 

JM JM 

Let (p = rj\Z\, where r) > has compact support, for e > 0, we have 

f (n 2 \V\Z\\ 2 + 2r]\Z\\V V \\V\Z\\ 

JM 

+ \Z\ 2 \Vr,\ 2 + r, 2 \Z\ 2 ) e-4- 



n 2 \z\ 4 e-^- < 



<(l + e) I r, 2 \V\Z\\ 2 e-^ 

JM 



(3.5) 



+ / \Z\ 2 ((l + -)\V V \ 2 + rj 2 )e- ] 4 

JM 6 
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Corollary 3.3 and Lemma 2.4 give the inequality 

2 An 
C\Z\ 2 > 2(1 + -)|V|Z|| 2 -\VH\ 2 + 2\Z\ 2 -2\Z\ 4 . 

T\ | 1 T\j | 1 

Integrating this with ^i] 2 , it follows from the self-adjointness of C that 

-2 [ n\Z\ < v v ,v\z\ >e-^ > [ (n 2 (l + ^—)\V\Z\\ 2 
Jm Jm\ n + 1 

9 " n 2 \VH\ 2 -n 2 \zA e -^. 



n + 1 

Using the inequality 2ab < ea 2 + — gives 

(n 2 \Z\* + ^VIW I 2 + l -\Z\ 2 \V n \ 2 )e~^ (3.6) 

> I {l + ^--e)r 1 2 MZ\\ 2 e-^. 
Jm n + 1 

Assume |?7| < 1 and |Vr/| < 1, combining (|3.5|) and (|3.6|) gives 

V 2 \Zfe~^ < 1+ 2 € [ rj 2 \Z\*e-^ 
m 1 + ^px — e Jm 



+ C t / (\VH\ 2 + \Z\ 2 )e 



|2 

2 , 2 



M 



Choose e > small, such that - — p — < 1, then we have 

f ri 2 \Z\ 4 e-^ < cf {\VH\ 2 + \Z\ 2 )e~^ (3.7) 

JM JM 



< C f \Z\ 2 (l + \x\ 2 )e 
Jm 



2 



where the second inequality is due to (12.111) and Lemma 2.1. Since H > 
0, Lemma 3.5 and the polynomial volume growth give that f M \ Z\ 2 (1 + 

|x| 2 )e _ 4~ < oo, thus (]3.7p and the dominated convergence theorem give 

that f M \Z\ e~~r~ < oo, then J^- |V|.Z|| 2 e~~ < oo follows immediately 
from (I3.6h and the dominated convergence theorem. 



To show j M (h^k) 2e 2 < 00 > we integrate the first equation in 



Corollary 3.3 with n 2 , the self-adjointness of C implies 



Jm ijk Jm 

- [ 2n\Z\ < Vr],V\Z\ > e"^ 
JM 

< [ (rj 2 \Z\ 4 + \Vn\ 2 \V\Z\\ 2 )e- ] -^ < oo. 
Jm 
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The dominated convergence theorem gives that f M Yl(Kjk) 2e ~ < 00 ' 

ijk 

this completes the proof. □ 

Now we will prove the weighted integral estimates that will be needed in 
the next section, to guarantee the self-adjointness of C can apply on complete 
sclf-shrinkers. 

Proposition 3.7. Let x : M n — > R n+P be an n- dimensional complete self- 
shrinker with H > 0, V L u = 0. If M n has polynomial volume growth, 
then 

I (|Z| 2 |Vlog#| + |V|Z| 2 ||Vlog#| + \Z\ 2 \ClogH\) e'^r < 00, (3.8) 
Jm 

[ (\Z\\V\Z\\ + \V\Z\\ 2 + \Z\\C\Z\\)e~^ <oo. (3.9) 
Jm 

Proof. Proposition 3.6 implies that \Z\ is in the weighted W 1,2 space, so 
Lemma 3.5 gives that 

[ \Z\ 2 \V log H\ 2 e~^r < 00. 
Jm 

Then 

/ |V|Z| 2 ||Vlogi/|e^^ < I (|V|Z|| 2 + |Z| 2 |Vlo gj H"| 2 )e~^ < 00. 
Jm Jm 

From Lemma 3.4, we have 



/ 

J A 



Z\ z \C\ogH\e-^ = I \Z\ 2 \l - \Z\ 2 - |Vlog#| 2 |e-^ < 00. 
m Jm 

This gives the first part of Proposition 3.7; From Corollary 3.3 

/ \Z\\C\Z\\e-^ = [ (|Z| 2 -|Z| 4 + ^(^) 2 -|V|Z|| 2 )e-^<oo. 
Jm Jm ijk 

So the second part follows from Proposition 3.6. □ 

4. Proof of Theorem 1.1 

In this section, we will give the proof of Theorem 1.1. First we prove two 
geometric identities, which is the key for proving the classification. 

Lemma 4.1. Let x : M n — > R n+P be an n- dimensional complete self- 
shrinker with H > 0, V L u = 0. // M n has polynomial volume growth, 
then 

\Z\ = f3H for some positive constant /3, (4.1) 

iv^ii 2 = E(0 2 - ( 4 - 2 ) 
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Proof. By fj3.8 j) . we can apply Corollary 3.2 to \Z\ 2 and logH to get by use 
of Lemma 3.4 

< V|Z| 2 ,VlogF > e _J ^- =-/ |Z| 2 (£log^)e-^ 

|Z| 2 (|Z| 2 - 1 + |Vlog#| 2 )e-4- 

M 

(4.3) 

Similarly, by (]3.9[) . we apply Corollary 3.2 to two copies of \Z\ to get by use 
of Corollary 3.3 and (2.14) 



V Z 2 e~ — 



M 




2 



^| 2 + |V|Z|| 2 -^(0 2 e- 

*J,fe / 

|Z| 2 )e"^. 

(4.4) 

Combining (|4.3p and (|4.4p give 

0> / (|V|Z|| 2 -2|Z| < V|Z|,Vlog# > +|Z| 2 |Vlog#f) e-^n 
Jm 

f ,n M 2 

= / |V|Z| - \Z\VlogH\ 2 e~ — 
Jm 

So we conclude that V|Z| = \Z\X7\ogH, therefore, \Z\ = f3H for some 
constant (3 > 0. And the inequality in (|4.4p must be equality, so we have 

|V|Z|| 2 = £(0 2 - □ 

Lemma 4.2. Lei x : M n — > R n+P 6e an n- dimensional complete connected 
self-shrinker with H > 0, V^u = 0. If M n has polynomial volume growth, 
then one of the following two cases holds 

(i) V^H = and tigg = 0, 

(ii) (h^ p ) admits only one nonzero eigenvalue H , in this case, \Z\ 2 = H 2 . 

Proof. As in Lemma 2.4, we fix a point q and choose a frame ej, i = 1, . . . , n, 
such that h^ p is diagonal at q, i.e. h^ p = \i5ij then we have at q that 

\z\ 2 mz\\ 2 = E(ECA) 2 < i^i 2 E(0 2 ^ i^i 2 B0 2 - 

fe i i,k 

By (|4.2p . the above two inequalities must be equalities, so we have: 

(i) For each k, there exists a constant such that h^u = a^Xi for 
every i. 

(ii) Ei^j, then = 0. 
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By the Codazzi equation, (ii) implies that 
(ii)' h™-£ = unless i = j = k. 

If Aj ^ 0, for j ^ i, = h^ p = ay A, so we have otj = 0. If the rank of 
is at least two at q, then otj = for all j G {1, • • • , n}. Thus (i),(h) imply 
H n k +P = for all k G {1, • • • , n} and kgjf = for all i, j, k G {1, • • • , n}. 
If the rank of (h™^ p ) is one at g, then is the only nonzero eigenvalue of 
(hl +p ), and then \Z\ 2 = H 2 . 

Next we will show that if the rank of (h^ p ) is at least two at some q, then 
the rank of {h^ p ) is at least two everywhere. For each x £ M, let Xi(x) 

and \2(x) be the two eigenvalues of that are largest in absolute 

value and define the set 

O = {x G M|Ai(x) = Ai( g ), A 2 (x) = A 2 (g)}. 

Then Q is nonempty since g 6 fi. Aj(x) are continuous in so f2 is closed. 
For any x G the rank of (h^ p ) is at least two at x, this is an open 
condition, so there is an open set U containing x where the rank of (h^ p ) 
is at least two, then h™j £ = on this set U, and the eigenvalues of (^™ +p ) 
are constant on U. This implies (/c!J, and therefore is open. Since M 
is connected, we conclude that O = M, therefore the rank of (h^ p ) is at 
least two everywhere. This implies the Case (i). 

Since H > 0, the remaining case is where the rank of (h™^ p ) is exactly one 
at every point, this implies Case (ii). This completes the proof of Lemma 
4.2. □ 

Proof of Theorem 1.1. We can treat the two cases in Lemma 14.21 separately 
by following the argument of K. Smoczyk in [25] to complete the proof. 
Note that in Case I, h™^£ = implies \A U \ 2 = \Z\ 2 = constant, combining 

with the assumption \A\ 2 — \A U \ 2 < c, we can complete the proof of Case I. 
While for the Case II, the assumption \A\ 2 — \A V \ 2 < c is sufficient for us to 
complete the proof by following the Smoczyk's arguments in [25] . □ 

5. Rigidity of Self-shrinkers in higher codimension 

5.1. Self-shrinkers with codimension two. Assume x : M n — > M n+2 is 
a complete imbedded self-shrinker without boundary and with polynomial 
volume growth in codimension two, we will give the proof of Theorem 1.3 
and 1.4. 

Proof of Theorem 1.3. Under the condition of the Theorem 1.3, Theorem A 
and Theorem 1.1 imply 

M n = rxl^, (5.1) 
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where T is one of the Abresch-Langer curves, or 

M n = M r xl"^H§ r+1 (v^) xf- r 4l" +2 , 0<r<n, (5.2) 

where M r > S r+1 (y / r) is a minimal hypersurface. Note that the only simple 
closed one of the Abresch-Langer curves is the circle, so the first case (|5.1j) 
is M n = § 1 (1) x M n_1 with \A\ 2 = 1. Then we consider the second case 
(|5.2p . Denote A the second fundamental form of M n — > R n+2 , and A the 
second fundamental form of M r <^-» S r+1 (y / r). Then 

|A| 2 =|i| 2 + 1, (5.3) 
^A\A\ 2 =\VA\ 2 + \A\ 2 (l-\A\ 2 ), (5.4) 

where A, V denote Laplacian and covariant derivatives with respect to the 
induced metric on M. The Simons' equality (|5,4p can be found in Simons' 
paper [24] . For convenience of readers, we give a proof here: Denote hij , Rijki 
the components of the second fundamental form and the curvature tensor of 
M r in S r+1 (y / r). Since the sphere § r+1 (y / r) has constant curvature -, the 
Ricci identities and Gauss-Codazzi equations give that 

=hki,kj + Rkjkihu + Rkjiihu 

1 . _ _ 1 . _ _ _ 

=((r - - h jk hki)hu + (-{S ik Sji - 5 k iSji) + h ki hji - h k ihji)h k i 

=(1 - \A\ 2 )h iv 

where we used that M r > S r+1 (y / r) is a minimal hypersurface in the last 
two equalities. Then it follows that 

|A|A| 2 = hijAhij + |Vl| 2 = |Vi| 2 + |I| 2 (1 - \A\ 2 ). 

Since x : M n — > M n+2 is a embedded self-shrinker without boundary and 
with polynomial volume growth, by Cheng-Zhou (see Theorem 4.1 in [6]), 
x : M n — > M n+2 is proper, thus we have that M r is closed. Therefore (|5.4p 
implies that if 

0<|I| 2 <1, (5.5) 

we have either \A\ = and M r is totally geodesic in S r+1 (y / r), that is 
M r = S r (y / r); or \A\ = 1 and M r is the Clifford minimal hypersurface in 
S r+1 (v^)> that is M r = S k {Vk) x E> r - k (VF^k). From ([OD, the condition 
(|5.5p is equivalent to 

1 < \A\ 2 < 2. (5.6) 
So we conclude that if we have (|5.6p . then there are two possibilities: 

(1) \A\ 2 = 1 and M n = S m (^/m) x R n - m with 1 < m < n; 

(2) \A\ 2 = 2 and M n = § k (Vk) x E r - k (VF^k) x R n - r with 2<r <n 
and 1 < k < r — 1. 
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□ 



Proof of Theorem 1.4- As the proof of Theorem 1.3, Theorem A and Theo- 
rem 1.1 imply M n must be one of the two cases (|5.ip and (|5,2p . Note that 
the case (|5.ip has \A\ 2 = 1, which violates with the assumption fjl .5[) . so M 
must be the case (|5.2p . that is 

M n = M r x M n ~ r «-»■ S r+1 (v^) x R n - r ^ R n+2 , < r < n, 

where M r )■ S r+1 (y / r) is a closed minimal hypersurface, then (|5.3j) holds. 
Q. Ding and Y. L. Xin [8] proved that there exists a constant 5 > such 
that if 

l<|i| 2 <l + 5, (5.7) 

then \A\ = 1 and M is the Clifford minimal hypersurface. From 115. 3D again, 
we conclude that if 

2<\A\ 2 <2 + 6, (5.8) 

we have \A\ 2 = 2 and M n = S k (Vk) x S r - k (^/r^k) x R n ~ r with 2 < r < n 
and 1 < k < 9 — 1. □ 

5.2. Self-shrinkers of two dimension. In this subsection, we assume x : 
M 2 — > R 2+p is a 2-dimensional complete imbedded self-shrinker without 
boundary and with polynomial volume growth, and we will give the proof 
of Theorem 1.5 and 1.6. 

Proof of Theorem 1.5. Theorem A and Theorem 1.1 imply that 

M 2 = M 1 x R, or M 2 = M 2 , 

where M 1 -4 § p (l) and M 2 -4 S P+1 (V2) are minimal submanifolds. Then 
M 1 = S^l) and M 2 = M 1 xM^ R 2+p has \A\ 2 = 1. Since x : M 2 — > M 2+p 
is an embedded self-shrinker without boundary and with polynomial volume 
growth, M 2 -4 §p +1 (V2) are closed minimal submanifolds. Denote A the 
second fundamental form of M 2 > S p+1 (\/2), then 

\A\ 2 = \A\ 2 + 1, 

where A is the second fundamental form of x : M 2 — > R 2+p . Then the 
condition (|1.6p is equivalent to 



0<|i| 2 <^. (5.9) 

A well-known theorem (cf. Theorem B in [T7]) implies either 

(1) \A\ 2 = and M 2 = S 2 (^2). or 

(2) |i| 2 = | and M 2 = § 2 (\/6) -4 S 4 ^) is a Veronese surface. 
Therefore in terms of \A\ 2 , we have two possibilities: 

(1) \A\ 2 = 1 and M 2 = S 2 (V2) in R 3 

(2) \A\ 2 = | and the self-shrinker has the form x : M 2 = S 2 (\/6) -4 
S 4 (^/2) -4 R 5 . 
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Note that M 2 = xl4 R 2+p also has \A\ 2 = 1, this completes the 

proof of Theorem 1.5. □ 

Proof of Theorem 1.6. Theorem A and Theorem 1.1 imply that 

M 2 = M 1 x R, or M 2 = M 2 , 

where M l ^ SP(1) and M 2 ^ S P+1 (V2) are minimal submanifolds. Then 
M 1 = S 1 (l) and M 2 = M 1 xl4 M 2+p has |,4| 2 = 1, this is impossible. So 

M 2 = M 2 -4 S P+1 (V2) 

is a closed minimal submanifold in the sphere § p+1 (\/2)- Denote its second 
fundamental form by A , then 

\A\ 2 = \A\ 2 + 1, 

where A is the second fundamental form of x : M 2 — > R 2+p . Then the 
condition (jl.7p is equivalent to 

f < \A\ 2 < ~ (5.10) 

A well-known theorem (cf. Theorem C in [T7]) implies either 

(i) \A\ 2 = § and M 2 = § 2 (\/6) -4 S 4 ( v / 2) is a Veronese surface. 

(ii) \A\ 2 = | and M 2 = S 2 (Vl2) § 6 (a/2) is a canonical immersion. 
Therefore in terms of \A\ 2 , we have two possibilities: 

(i) \A\ 2 = | and the self-shrinker x : M 2 = S 2 (\/6) -> § 4 (^/2) H I 5 is a 
Veronese surface. 

(ii) \A\ 2 = ^ and the self-shrinker x : M 2 = § 2 (7l2) -4 S 6 (V2) > M 5 is 
a canonical immersion. □ 

5.3. Self-shrinkers with flat normal bundle. 

Proof of Theorem \1. 7| From the equation (lA.lj) in the Appendix, the con- 
dition "flat normal bundle", i.e., R 1 - = and o~ a p = ^|^4| 2 5q.^ imply 

-C\A\ 2 = \VA\ 2 + Vl 2 (P " l^l 2 )- (5-11) 
2 p 

Since M has bounded |^4| 2 and polynomial volume growth, from Propo- 
sition IA.2I in the Appendix, we have 

| V yl| 2 e -§N 2 < +oo. (5.12) 

M 

By (|5.1ip and (|5.12p . C\A\ 2 has finite weighted integral 

{C\A\ 2 )e~^ 2 < +oo, (5.13) 

M 



That is 
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then the self-adjointness of the operator C (Corollary I3.2[) implies 

0=1 f (£\Af)e-h\*\ 2 

1 JM 

= J^(\VA\ 2 + ^\A\ 2 (p-\A\ 2 )^ 

f \VA\ 2 e-^\ 2 = - [ \A\ 2 (\A\ 2 _p) e -*W a . (5.14) 
Jm P Jm 

Therefore our assumption (|1.8p implies either \A\ 2 = and M n is a plane; 

or \A\ 2 = p and \VA\ = 0, noting our assumption a a p = ^\A\ 2 5 a p, we can 

conclude that M is 

x : M n = N mp x W n ~ mp ^ R n+P , 

where 

N mp = §™(^) x ... x § m (^) ^ §( m+1 )^ 1 ( v ^). 

This completes the proof of Theorem 11.71 □ 

6. Further remarks on closed self-shrinkers 

Proof of Proposition HOI The conditions (1) and (2) imply the closed self- 
shrinker is a minimal submanifold in the sphere § n+p ~ 1 (T/n) have been 
proved by Smoczyk [25] and Cao-Li [3] respectively. Now we only need 
to prove that the condition (3) can also imply the closed self-shrinker must 
be the minimal submanifold in the sphere. 

Recall that for self-shrinker, we have the following equations. 

^A\x\ 2 = n-\x ± \ 2 = n-\H\ 2 , (6.1) 
«£M 2 = n- \x\ 2 . (6.2) 

1 | |2 

Since the self-shrinker is closed, we integrate (|6.2[) with weighted e — 2 |x ' . 
By the self-adjointness the operator C (Lemma 13. ip . we have 

= -/ C\x\ 2 e~^ x \ 2 = f (n- |x| 2 )e-5M 2 . (6.3) 

2 Jm Jm 

Then the condition (3) and f|6.3|) imply \x\ 2 = n. By using equation (|6.ip . 
we obtain 

I lj|2 1 ±\2 1 |2 

\H\ = \x I = n = \x\ . 

Therefore H = —x and M n is a minimal submanifold in the sphere S n+p_1 (y / n). 

□ 



By applying the well-known theorems on the minimal submanifold in 
sphere by Ejiri [TO], H. Li 02], Itoh [HQS] and Yau [27J, Proposition O 
implies the following three results. 
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Theorem 6.1. Let M n (n > 3) be a closed self-shrinker in W n+P which 
satisfies one of the three conditions in Proposition \l .8[ If the Ricci curvature 
of M satisfies Ric > then M n must be one of the followings: 

(1) M n = S n (^n); 

(2) M n = S fe (v/f ) x $ k (y/f) § n+1 (^/n~), n = 2k, p = 2; 

(3) M 4 = P c 2 (i) ^ S 7 (2) ; n = 4,p = A, 

where P%{\) denotes the complex projective space with sectional curvature 
smaller than g. 

Remark 6.1. We remark that Ejiri's result |10| holds for n > 4, which was 
extended by H. Li [19] to 3-dimensional case. 

Theorem 6.2. Let M n be a closed self-shrinker in which satisfies one 

of the three conditions in Proposition \1.8[ If the sectional curvature of M 
satisfies K > 2 {n+i) > then M n must be one of the followings: 

(1) M n = S n ( ^); 

(2) M n = S n (-v/2(re + 1)) S n+ P _1 (Vn)- 

Theorem 6.3. Xei M n 6e a closed self-shrinker in R n+P which satisfies one 
of the three conditions in Proposition \1.8[ If the sectional curvature of M 
satisfies K > j—^, then M n must be one of the followings: 

(1) M n = S k (Vk) x S n - k (Vn~^k) ^ § n +P- 1 (V^), < k < n; 

(2) M 2 = S 2 (\/6) § 4 (^/2) ; n = 2,p = 3. 



Appendix A. Two formulas of Simons' type and the weighted 

INTEGRAL ESTIMATES 

In this appendix, we give two formulas of Simons' type for self-shrinkers 
and the weighted integral estimates of the first and the second covariant 
derivatives of the second fundamental form of self-shrinkers, which we used 
in subsection 5.3. 

Proposition A.l. Let x : M n — > M n+P be an immersed self-shrinker, then 
we have the following Simons ' type formula, 

\c\A\ 2 =\VA\ 2 + \A\ 2 -^l P -\^\ 2 (A.1) 

\c\VA\ 2 =\V 2 A\ 2 + 2\VA\ 2 + (SRp akl h% k h^ - a afi h% k h^ k (A.2) 



22 HAIZHONG LI AND YONG WEI 

where a a p = J2Kj h ij> R Paki = J2( h kiKi ~ h uKk) is the curvature of the 

ij i 

normal bundle and I-R" 1- ! 2 = ^2R^ a ki- ^ n particular, for hypersurface self- 
shrinkers, that is p = 1, we have 

^C\A\ 2 =\VA\ 2 + \A\ 2 (l-\A\ 2 ) (A.3) 
^C\VA\ 2 =\V 2 A\ 2 - |VA| 2 (|^| 2 - 2) - ^|V|A| 2 | 2 - 35, (A.4) 

where 3 = hijkhij r hkihi r — 2hikjhj r ihuhkr ■ 

Remark A.l. In the hypersurface case, the formulas (|A.3jl and (IA.4jl were de- 
rived by Colding-Minicozzi II [7] and Ding-Xin [9] respectively. In arbitrary 
codimension, the formula (lA.lj) was also proved by Ding-Xin [Qj. 

Proof. For an immersion x : M n — > R n+P , we have the following formulas of 
Simons' type (for example, see [5jl2"U]) 



l -^\A\ 2 =\VA\ 2 + Y,KkH a lk + £ HPh%h a kl h« 

i,k,a i,j,k,a,[3 

-E^-i^P- 



So for the self-shrinker, substituting (|2.12|) into the above equation, we ob- 
tain 



-C\A\ 



A\A\ 



< x, V\A\ 2 >) 



\VA\ 2 + \A\ 



E 



\R J 



This is (|ATT|) . Now we prove (|A.2p . recall that for the covariant derivatives 
of the second fundamental form, we have the following Ricci identities (see 



hfjkl ~ hfjlk —hyjRrikl + hf r Rrjkl + h-R^ a kl, (A-5) 
^■ijffcZs ~~ ^ijfcsZ =hrjkRrils + hf Tk R r jl s + hfj r R r kls + (A-6) 
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Then 



^ n ijk — n ijkll 



= (Kjlk + KjRrikl + hf r R r jkl + h^Rpakljl 
= ^?ijlk + hrijRrlkl + h^ T jR r i k i + hf^Rj-jf-l + h^Rp ak [ 
+ hrjlRrikl + hfrlRrjkl + ^ijlR^akl 
i ikl 

= H%k + ^rik^-rj + Kij^rk + hf rk R r ijl + hf ik R/3 a jl 
+ 2hrjiRrikl + ZKilRrjkl + 2h^-Rp ak i 

T'ikl )l + hfr(Rrjkl)l + h i j(R/3akl)l 
+ hri(R r ljl)k + Kl(Rrijl)k + h h (Rp a ji)k, 

where we used in last equality 

= H%k + [hrikRrj + hf rk R r iji + h" ik R/s a ji] 

h"i(R r j)k + hf r (R r ijl) k + h^Rfiajijk. 

For self-shrinkers, we have by use of (pTLOj) . (pITT]) and (|27T2|) 

'ii^fci + n ikl n jl + n iZ n Zjfc 

Then we obtain 

^£\VA\ 2 =I(A|WL| 2 - < x, V\VA\ 2 >) 

=|V 2 A| 2 + hf jk Ah% k - <x,e t > hf jk h? jkl 
=\V 2 A\ 2 + 2\VA\ 2 + < x, ei > hf jk {h% lk - h% kl ) 

~ h ijk H ^k h ii h ?j ~ Kjk H>3 (hfjl^ki + Kklhjt + hflh^jk) 

+ Kjk {Kik R rj + Kij R rk + Krk R rijl + rf^Rpajl (A. 8) 
+ 2hrjiRrikl + 2hri[Rrjkl + 2hfijRf3akl 
+ hrj(Rrikl)l + hf r (R r j k i)i + h^{Rp a u)l 
+hri(R r ljl)k + Kl(Rrijl)k + h H (Rp a ji 



^(KAi + hmh^ + Kh^) (A.7) 
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By the Ricci identity (|A.5[) . Gauss equation (12. ip and the equation (|2.11|) . 
a direct calculation to check 

< x,ei > hfj k (hfj lk — hfj ki ) =3hfj k hrjh ih HP — 2h%j k hrjh rk H i 

ht jk h?jht k H? r (A.9) 



and the last four lines of (|A.8|) is equal to 



hi 



+ KArK ~ KtfMr + Sfca^jffJ - 3^X#J (A.10) 

+h%h! Jk nf > - KM 3k + K h lKr 

Put (IAT9|) and (lATTOjl into ([Ojl . we get the formula (|AT2l . □ 

Proposition A. 2. Let x : M n — > M. n+P be a complete immersed self-shrinker 
and with polynomial volume growth, if \A\ 2 is bounded on M , then 

f \VA\ 2 e^ 2 < +oo, (A.ll) 
Jm 

\V 2 A\ 2 e~^ 2 < +oo. (A.12) 



Remark A. 2. For the hypersurface case, this weighted integral estimate was 
proved by Ding-Xin ( [9]). 

Proof. Let r/ be a cut-off function with compact support on M, by the self- 
adjointness of C and (jA.lh . we have 



M 



<C / \A\S 2 e~^ x? -- I V^V|A| 2 e -5W 
<C / |^|Ve-5^ 2 + - / iVAlYe-*!*! 3 

+ 2 / lAplV^pe-^N 2 . 
Jm 



Then 



f \VA\ 2 n 2 e-^ 2 < 2C [ \A\S 2 e-^ 2 +4 f \A\ 2 \V v \ 2 e -^\ 2 . 
Jm Jm Jm 

Since M has polynomial volume growth and bounded \A\ 2 , by the dominated 
convergence theorem, the above inequality implies 

f \VA\ 2 e-^ 2 < +oo. 
Jm 
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Using the formula (1A.2|) and a similar argument as above, we get 

f \V 2 A\ 2 v 2 e~^\ 2 < C [ |A| 2 |VA| 2 e-^l 2 +4 f \ VA\ 2 \ V7/|VH< 

JM JM J At 

Then by the boundness of \A\ 2 , (|A.11|) . the dominated convergence theorem 
and the above equality imply 

/ |V 2 A| 2 e~^N 2 < +00. 

JM 

□ 
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